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Riemannian Geometry

Notation

» Smooth Riemannian
manifold M

» Tangent space 7T,M at
the point p € M

» Inner product
()t ToM X TopM — R

» Exponential map
eXpp Xp=pq(1) =q

» Logarithmic map
log, g = exp,j1 q=2Xp

» Parallel transport
Poep: TpM — TgM

qp-
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The Problem

Consider the following minimization problem

minimize f(p), pe M,
where

» M is a Riemannian manifold with the following properties:
> complete
» bounded sectional curvature ondom f = {p € M| f(p) < +oo}, i.e.
there exist w, Q € R such that the sectional curvature « satisfies
w < k(p) < Qforall p e domf.
> f: M — Rissuch that
» dom f is a nonempty, bounded, strongly geodesically convex set with
nonempty interior in M
> geodesically convex on dom f: f o ~: [0,1] — R for all geodesic arcs
~ C dom f is convex in the usual sense
> lower semi-continuous: liminfq_, f(q) > f(p)

Goal. Solve this non-smooth optimization problem with a convex
bundle method.
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The Convex Subdifferential(s)
For a geodesically convex function, the subdifferential is defined as

Of(p) = {X, € TpM | £(q) = f(p) + (Xp,log, q) for all g € dom £}

and it is a non-empty, closed and convex subset. Lete > 0. The
e—subdifferential is

d-f(p) = {X, € ToM | f(q) > f(p) + (Xp,log, q) — e forall g € dom £}

and

of(p) C 0-f(p)
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The Bundle Method

Bundle methods are about descent as well as stability.

Core characteristics of a general bundle algorithm (Bonnans et al.
):

» keeps memory of the last “best” points

> solves a stabilization subproblem

> we employ a dual approach with the e—subdifferential as in Geiger
and Kanzow

> generates sequences of candidate points and stability centers
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Approximating the :—subdifferential
Given x,....xk € R", and s/ € 9f(x/), then s/ € 94 f(x¥)

with el = f(x¥) — (/) — ()T (x* = xJ) forall je{1,... Kk}

We can characterize an inner approximation of 9.f(p) as:

k k
Z)\jej‘ge, Z)\j:]., )\jZOfOFa”j:l,...,k}
j=1

with GX C 9.f(x¥).
» Main challenge on manifolds: given p, ..., p¥ € M, and
X, € 0f(p'), then

P X, € 0.f(p*) forsome ¢ > 0?

pkp/
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Curvature Correction
Let 6 := diam(dom f) < +oc. Define

(8 = 1 if w>0,
AT S s coth(V—wd)  ifw <0,
(s ::{1 ifQ <0,
2.{0) VQ 6 cot(v/Q ) ifQ >0,

and ¢ := max{(1,,(6) — 1, 1 — (2,0(d)}, as in Alimisis et al. ,
Appendix C. By defining

cf = F(p") = F(P) = (X, logy p*) + lllog,y p*|[1X, 1,
with X, € 9f(p/), we get
k
z—:k — {Z )\ijkepl
j=1

with GX C 9.f(p*), and P_,

k

P
Z k<e Z =1, )\ >0forallj=1,...
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The Riemannian Subproblem

Let k e Nandj e {1,...,k} = Jc and let \; be convex coefficients. In the

Riemannian case: .

k
Xy €0f(q) = Y AP Xy € OF(p*) iff > Z
j=1 =1

The search direction is then the projection of the zero vector onto GE" .
Due to the characterization of this set, this translates to

k
- Z AP o giXg
j=1

where the coefficients \; are solution to

.1 K
argmin > Z)\J-Ppkequqj +Z)‘fcj

)\GRuk‘ jeJk jEJk

s.t. Y A=1, X>0 forallje J
JE€Jk




The Euclidean Convex Bundle Method

Data: x! =yt e R", g% =s' € 9f(x}), me (0,1),e0=¢{ =0,k=1,
Je=A{1}

1 while not converged do

2 | Compute a solution Ak € Rl of the subproblem and set
k= Z AJI'(SJ7 €k Z >\Jk ka = _gk7 gk = _HngZ — &k
JE€Jk JjeJk
Set yktl .= xkg*
If F(y 1) < F(xK) + méy , then set xk+1 .= yk+1 else set xk*1 = xk
Get s**1 € 9f (y**1), update the index set to Ji, 1, and set
ej‘ﬂ = F(xMY = F(7) = ()T (¥ yyforallj € Jyiq
5 end

Result: x*- for some k, € N.
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Convergence

» In the Euclidean case we have Geiger and Kanzow , Theorem
6.80.

Theorem

Let the solution set S = {x* € R" | f(x*) = infycrn f(x)} of the minimization
problem be nonempty. Then every sequence {x*} generated by the bundle
method algorithm converges to a minimizer of f.

» In the Riemannian case, we have obtained convergence in case the
number of serious steps generated by the algorithm is infinite.

» The case where only a finite number of serious steps is generated
is still open. The main problem is studying the convergence of the
curvature-dependent term o||log.; p* ||| X




Convergence
In Geiger and Kanzow , Theorem 6.80, they are able to show that

+oo ] 5
> (gl +¢)" < +oo
J=kx

where k, € N is the index that corresponds to the last serious iterate,
namely
pk = pk forall k > k,.

This is possible because from the definition of ej‘ one gets a bound

kfl)

(s, g <m([lg" P + ex—1) — e,

whereas in the Riemannian case one has

(PoreqiXqr s te-18"71) < m (g 7HI? + k1) — i + ollte—18™ [ Xgull.




The algorithm is implemented” in Julia using Manopt . j1 (Bergmann
) which uses manifolds from Manifolds.jl (Axen et al. ). A
solver call just looks like

B Implementation

p* = convex_bundle_method(M, f, 0f, pO0)

where

» Mis a Riemannian manifold

> £ is the objective function

» Of is a subgradient of the objective function

> p0 is an initial point on the manifold

> the parameter for the descent test is set at a default m = 0.0125

The default stopping criterion for the algorithm is set to

—& <1078,

"not yet in a release version
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B Numerical Example: Signal Denoising on 7>

Let #2 be the two-dimensional hyperbolic space and let n = 496. By
projecting a square wave onto H?, we manufacture an artificial signal
which can be interpreted as a point g € (H2)". We then generate a
noisy signal g € M by adding Gaussian noise to the original signal, i. e.,
we set §' = expgi Xi fori=1,...,n where X € 7, M has a standard
deviation of ¢ = 0.1.

Figure: Artificial signal g € (H?)*°° in gray, and noisy data g € (H#2)*°° in teal.




B Numerical Example: Signal Denoising on 7>

Let #2 be the two-dimensional hyperbolic space and let n = 496. By
projecting a square wave onto H?, we manufacture an artificial signal
which can be interpreted as a point g € (H2)". We then generate a
noisy signal g € M by adding Gaussian noise to the original signal, i. e.,
we set §' = expgi Xi fori=1,...,n where X € 7, M has a standard
deviation of o = 0.1. We want to solve the following total variation
problem

(P) =+ (8(p. @) +aTVI(p))

where

g(p,q) Zdlstp g)? and TV(p Zdlstp pith.
i=1

We also set diam(dom f) := 3 dist(q, §).
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NTNU

Finally, we compare the Riemannian Convex Bundle Method (RCBM) to
the Proximal Bundle Algorithm (PBA), the Subgradient Method (SGM),

and the Cyclic Proximal Point Algorithm (CPPA).

B Numerical Example: Signal Denoising on 7>

Algorithm  Tter.  Time (sec.) Objective Error
RCBM 3232 94.290 1.7929 - 1073 3.3101-107*
PBA 14879 79.036 1.8160- 1073 4.2182-107*
SGM 15000 78.742 1.7918 - 1073 3.3004 -107%
CPPA 15000 73.065 1.7928 - 1073 3.3229-107*

Comparisons between the four algorithms on (#2)*%® for a TV parameter of

o = 0.05.



Numerical Example: Signal Denoising on 7>

NTNU Finally, we compare the Riemannian Convex Bundle Method (RCBM) to
the Proximal Bundle Algorithm (PBA), the Subgradient Method (SGM),
and the Cyclic Proximal Point Algorithm (CPPA).

)
&

Figure: Denoised reconstruction g* € (H2)*° in cyan.
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Numerical Example: Riemanniann Median on S

NTNU Let S9 be the d—dimensional sphere and let ¢*,...,q" € S be n = 1000
Gaussian random data points sampled in a ball of radius 3 around the
north pole 5, Bz (p). Let f: S¢ — R be defined by

f(p) = 521 dist(p,¢') if p € Bz(p),

+o0 otherwise.

Consider now the dataset
D= {ql,...,q”

The Riemannian geometric median p* of D is then defined as

qjeSdforaIIjzl,...,n}.

p* = argmin f(p).
peSd

The initial point is chosen as one of the two points that realize the
maximal distance within D.




B Numerical Example: Riemanniann Median on S

RCBM PBA
Dimension  Iter.  Time (sec.) Objective  Iter.  Time (sec.) Objective
2 16 4.74-107%  0.39347 31 7.80-107%  0.39347
4 7 2.85-1072  0.39146 71 2.29-1072  0.39146
32 20 1.32-1072  0.39348 19 1.09-1072  0.39348
1024 30 3.06-1071  0.40259 42 4.16-1071  0.40259
32768 50 1.85- 10! 0.39192 78 2.64 - 101 0.39192

SGM

Dimension  Iter.  Time (sec.) Objective

2 4570 2.87-1072  0.39347

4 5000 1.33 0.39146

32 5000 2.16 0.39348
1024 4646 4.31-10! 0.40259
32768 75 2.26 - 10! 0.39192

Comparisons between the three algorithms on S¢ with varying dimension.




B Conclusion and Future Work

NTNU
In summary:

» presented the bundle method for geodesically convex functions on
Riemannian manifolds
» touched upon convergence and the problems therein

» showed two numerical examples

To do:

» further investigate convergence
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