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Riemannian Geometry

Notation

» Smooth Riemannian manifold M

» Tangent space 7,M at the point p € M
» Inner product (-,-)p: TpM x TpM = R
» Exponential map exp, X, = 7p4(1) = q
» Logarithmic map log, g = exp;1 qg=Xp
>

Parallel transport P, ,: T,M — TqM
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The Problem

Consider the following minimization problem

arg min f(p)
pEM

where

» M is a Hadamard manifold:

> complete

» simply connected

> non-positive sectional curvature everywhere
> f: M —Ris

> geodesically convex: f o : [0,1] — R is convex in the usual sense
> lower semi-continuous: liminf,_, f(q) > f(p)

Goal. Solve this non-smooth optimization problem with the bundle
method




The Subdifferentials

For a convex function, the subdifferential is defined as

of(x) = {5 e R”

fly) > f(x)+ (s)T(y — x) forall y € R”}

and it is a non-empty, closed and convex subset.
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The Subdifferentials

For a geodesically convex function, the subdifferential is defined as

Of(p) = {Xp € ToM | f(q) = f(p) + (Xp. log, q) for all g € U € M}

and it is a non-empty, closed and convex subset.
Let e > 0. The e—subdifferential is

9:-f(p) = {X, € TpM | f(q) = f(p) + (Xp.log, q) —efor all g e U C M}

and

df(p) € 9-f(p)
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The Bundle Method

Bundle methods are about descent as well as stability.

Core characteristics of a general bundle algorithm (Bonnans et al.
):

» keeps memory of the last “best” points

> solves a stabilization subproblem

> we employ a dual approach with the e—subdifferential as in Geiger
and Kanzow

> generates sequences of candidate points and stability centers
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Lete > 0and k € N. Given x1,...,x € R, and s/ € 9f(x;), then
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Approximating the :—subdifferential

Lete >0and k € N. Given xi,...,xc € R", and ¢/ € 0f(x;), then

s e o.f(x) if > ejk = () —fF()—(s") T (xk—x;) forall je{1,...

» Main challenge on manifolds: given py, ..., px € M, and
Xy, € Of(p;), then
P Xp, € 0-F(P)?

Pk Pj
» Forall o > 0and all pj, pj+1 € M, there exists 6 > 0 such that

||PPj+1<—PjXPj o PPj+1<—Pj+2 PPj+2<—PjXPjH < UHXPJH
for all pj12 € Bs(pj) U Bs(pj+1) and all X, € 7, M (Azagra and
Ferrera , p. 169).

» Enlarge the e—subdifferential by adding 20| X, ||:

cf = f(pi) = F(py) — (Xp;, log,, P} + 20| X, |

kY
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The Hadamard Subproblem

Let k e Nandj e {1,...,k} = Jc and let \; be convex coefficients. In the
Hadamard case:

k k
Xoy € OF(q)) = D APpc g Xe €0:F(pe) i €= Njcf
j=1 j=1

Then the search direction is
k
k — .
d* =— Z AiP o Xq;
j=1
where the coefficients \; are solution to

2
1 ,
agmin 21| APy Xy |+ A
AERK = J€Jk

st Y A=1, N>0 forallje J
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The Euclidean Bundle Method

Data: x; = y; e R, g% =s' ¢ 0f(x1), m € (0,1), el = el1 =0k=1,
Je =11}
1 Compute a solution Ak € Rl of the stabilizing subproblem and set

k kJj k k _k k k k k2 k
g :Z)\jsj, 3 :Z)\Jeja d =—8, g :_Hg H —€
JjeJk JEJK

while not converged do

Set yi11 = x,+ d* and compute s 1 € Of (yxi1)

If F(yir1) < Fxk) + mék, then set x, 1 = yiy1, else set x, 1 = xx
4 Update the index set to J.1, set k + k + 1, and set

ef = Flan) = F(y) = ()T (kg yy) for allj € e

5 end
Result: {x;}ien, {vk}ken
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Data: py = g1 € M, g% = X; € 0f(p1), me (0,1),e° =c] =0, k=1,
Je =A{1}

1 Compute a solution Ak € Rl of the stabilizing subproblem and set

k k k k _k k k k k2 k
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Data: py = g1 € M, g% = X; € 9f(p1), me (0,1),e° =c] =0, k=1,
Je={1}
1 Compute a solution \* € R of the stabilizing subproblem and set

k k k k _k k k k k2 k
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Data: py = g1 € M, g% = X; € 9f(p1), me (0,1),e° =c] =0, k=1,
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Data: py = g1 € M, g% = X; € 9f(p1), me (0,1),e° =c] =0, k=1,
Je={1}
1 Compute a solution \* € R of the stabilizing subproblem and set
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Set g1 = exp,, (d*) and compute X;, ., € Of(qi+1)

If f(qrs1) < f(pi) + mék, then set pei1 = guy1, else set pry1 = pi
4 Update the index set to Jx11, set k + k + 1, and set
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5 end
Result: {py}ien {qk}ken
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Convergence

» In the Euclidean case we have Geiger and Kanzow , Theorem
6.80

Theorem

Let the solution set S = {x. € R" | f(x.) = infxcrn f(x)} of the minimization
problem be nonempty. Then every sequence {x} generated by the bundle
method algorithm converges to a minimum of f.

» In the Hadamard case, we obtain an analogous result
> achieved by enlarging the e—subdifferential
» Numerically, given tol > 0, we employ the following stopping

criterion
—&k < tol




Implementation

The algorithm is implemented’ in Julia using Manopt . j1 (Bergmann
) which uses manifolds from Manifolds.j1 (Axen et al. ). A
solver call just looks like

p_star = bundle_method (M, f, 9f, pO)

where

» Mis a Hadamard manifold

> £ is the objective function

» Of is a subgradient of the objective function

» p0 is an initial point on the manifold

» the parameter for the descent test is set at a default m = 0.0125

"not yet in a release version
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My = P(3) be the space of 3 x 3 symmetric positive definite matrices.
Let g1,...,q9, € M; be n =100 random data points for j € {1,2}.




B Numerical Example: %* and P(3)

NTNU

Let M; = H* be the four-dimensional hyperbolic space, and let

My = P(3) be the space of 3 x 3 symmetric positive definite matrices.
Let g1,...,q, € M; be n =100 random data points for j € {1,2}. Let
fi: M; — R be defined by

fi(p) = _ distly,(p, qx)
k=1



B Numerical Example: %* and P(3)

NTNU Let M; = H* be the four-dimensional hyperbolic space, and let

My = P(3) be the space of 3 x 3 symmetric positive definite matrices.
Let g1,...,q, € M; be n =100 random data points for j € {1,2}. Let
fi: M; — R be defined by

fi(p) = _ distly,(p, qx)
k=1

and let gj: M; — R be defined by

gi(p) = ,_ e"ff)é}{ fi(p)}

fori,je {1,2}.



B Numerical Example: %* and P(3)

NTNU Let M; = H* be the four-dimensional hyperbolic space, and let

My = P(3) be the space of 3 x 3 symmetric positive definite matrices.
Let g1,...,q, € M; be n =100 random data points for j € {1,2}. Let
fi: M; — R be defined by

fi(p) = _ distly,(p, qx)
k=1

and let gj: M; — R be defined by

gi(p) = ,_ e"ff)é}{ fi(p)}

fori,j € {1,2}. We want to solve

arg min g;(p)
pGMj

forj e {1,2}.
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NTNU ——— Bundle Method
114 k 1.0260875623207966
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B Numerical Example: P(3)

NTNU 0.1595 | ——— Bundle Method
0.15744798243658273
Subgradient Method
0.15744798243658267
0.1590
e
S
O 0.1585
0.1580
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B Summary and Future Work

NTNU
What we did:

» presented the bundle method for geodesically convex functions on
Hadamard manifolds

» touched upon convergence
» showed two numerical examples

To do:

» further investigate convergence
» generic Riemannian manifolds



NTNU
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