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Goal, Find (numerically / fast)

arg min f(p),
peEM

where M is a Riemannian manifold.

Challenges. Adapt algorithms, since M is nonlinear.

» Find is a “good replacement” +
> no “global space of directions”; T,M # T,M

Task. How to handle the case when f is nonsmooth?

Example application. Given A, B € R¥*", M = SO(d)

» orthogonal Procrustes: f(p) = ||A — pBJ|r has a closed form
solution.

» spectral Procrustes: f(p) = ||A — pBJ|» does not
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The Problem

Consider the following minimization problem
minimize f(p), pe M,

where

» M is a Riemannian manifold

> complete

» bounded sectional curvature w < k < Q on dom f
» f: M — Ris non-smooth and

» dom f # (), diam(dom f) < oo if k # O, strongly geodesically convex set
and int(dom f) # 0 in M

> geodesically convex: f oy convex

> lower semi-continuous: liminf,_, f(q) > f(p)

Goal. Solve this optimization problem with a convex bundle method.




Riemannian Geometry
Notation

» Smooth Riemannian
manifold M

» Tangent space 7, M at
the point p € M

» Inner product
)y oM X oM — R

» Exponential map
eXPp Xp = ’qu(l) =dq

» Logarithmic map
log, g = exp;1 q=2Xp

> Parallel transport M
Pyp: ToM — TqgM

» Sectional curvature
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The Convex Subdifferential(s)
For a geodesically convex function, the subdifferential is defined as

Of(p) = {X, € TpM | £(q) = f(p) + (Xp.log, q) for all g € dom £}

and it is a non-empty, closed and convex subset.
Let ¢ > 0. The e—subdifferential is

0-f(p) = {Xp € TpM ‘ f(q) > f(p) + (Xp, log,, q) —eforall g € dom f}

and

of(p) C 0-f(p)
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The Bundle Method

Bundle methods are about descent as well as stability.

Core characteristics of a general bundle algorithm ([Bonnans et al. D:

> keeps history of the last “best” points

> solves a stabilization subproblem

dual approach as in [Geiger and Kanzow ]

> generates sequences of candidate points and stability centers

Goal. Approximate 9f with 9.1 on int(dom f).
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Approximating the :—subdifferential

Given x©, ... x(K) ¢ R", and sU) € af(xU)) for j=0,..., k, and
. . . )
ej( ) . F(x5)) — F(x) — (s T (x(F) — x0)),

then _
S(J) S 8e§k)f(x(k)).
J

Characterize an inner approximation of 9.f(p) as:

Gk — {Z)\S(J)

with {9 C a.f(x(4).

j=0

Main challenge on manifolds: given p(®. ..., p¥) € M, and
X, € 0f(pW), then
P

b Xpt) € Ocf(p¥))  for some ¢ > 07

ZA el < ¢, Z)\ =1, \; >0V =0,...



Curvature Correction

Using the upper bound Q on the curvature, define

Cj(k) = f(p)) — F(p) — (Xpm, log ,0) P(k)> ifQ <o,

= £(p) — £(pD) + | X, llogn pX||  if Q> 0.

[Bergmann, Herzog, and H)




Curvature Correction

Using the upper bound Q on the curvature, define

¢ = £(pk)y — F(pW)) — (Xpm, log p(")> ifQ <0,

3
Il

(9 = £(p9) — £(pD) + [ X0l log PPl i Q> 0.

[Bergmann, Herzog, and H)

We get
k k
G _{Z/\JPP vepiXon | DN <e, SN =1, A > 0forallj=0,.
j=0 j=0 Jj=0

with G C 8.£(p™)), and P 0 X0 € Do F(pH)).
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The Euclidean Subproblem
Let k e Nandj € {0,...,k} = J®) and let )\; be convex coefficients.
k k
sV eaf(x) = Y xsU) e a.f(x) iff > nel
j=0 =
The search direction is

) = =3 st

where )\; are solution to

Z)\s

JEJ

s.t. Y N=1, N>0 foralljeJs®
jeJk)

+Z)\e

jeJk)

arg min
AER“(,‘)‘




The Riemannian Subproblem

Let k e Nandj € {0,...,k} = J®) and let )\; be convex coefficients.
k k
. . k
Xy € 0F(qV) = STNP o X € 0F(pX) iff e >y acl
Jj=0 j
The search direction is

k) .
d( ) T Ajpp(k)eq(j) q(j)

.
o

where ); are solution to

arg min Z)\P D ql) Xq0) —I—Z)\c

ARV JEJ jed®

st Y N=1, N>0 foralljeJ®
jeJk)




The Euclidean Convex Bundle Method

Data: x(0 =y e rR", g0 =50 € 9f(x(9), m e (0,1),
e@=c" =0, k=0, 0 = {0}
1 while not converged do
2 | Compute a solution AK) € RV of the subproblem and set

k) (k) ¢ (k) k

gh =" AHs0), Z/\ .
i ) jeJk)

d) = —glh), ¢ = )| g2 — £k
Set y(kt1) = x(K) gk,
3 | IFF(/AD) < F(x)) + me(k) | then set x(k+1) .= y(k+1) else set
(k1) o (K)
4 | Compute s“t1) € af(y(*t1), update J(k+1), and set
e = (D) — £y U~ (sU) T (x K1)y )y for all j € Sk

5 end
Result: x(v) for some k, € N.




The Riemannian Convex Bundle Method

Data: p(© = ¢ cint(domf), g® = X, € af(p'?), me (0,1),
e@=cV=0,k=0,J0={0},3>00cR,

1 while not converged do

2

Compute a solution A(¥) € RM“I of the subproblem and set

k K (k)
gl = 3" Al )Pp(k)equqm, ) = Z A
jeJ) jeJk)
d) = —glt), ¢ = g2 — (k)
Set t) := 1. While g1 == exp i (t t(k)d(k)) ¢ int(dom f) or

dist(g(<t1) | p(k)) < +(9)|d(9) || backtrack +¥) = g%,
If F(gU D) < F(pR)) + me(K) | then set p(kt1) == g(k+1) | else set
kD) k) |
Compute X (.1 € 81‘(q(’“rl , update J(k+1), and set
cjk“ = f(p ) —F(qU)— (X 00, log 0 p<k+1>) forallj e JAVifQ <0

5 end

Result: p(%) for some k, € N.



The Riemannian Convex Bundle Method
Data: p(¥ = ¢ e int(dom ), g@ = Xx; € af(p©), m € (0,1),
e@ =D =0, k=0,J0={0},3>00cR,
1 while not converged do
2 | Compute a solution A(¥) € RM®! of the subproblem and set
gl =" Aj(k)Ppweq(j)qu, ) = Z A(k -k

jeJk) jeJk)
d) = —glh), ¢ = g2 — (k)
Set +(¥) .= 1. While q(kH) = exp i (t t(k )d(k)) ¢ int(dom f)or
dist(q(< 1), p(R)) < (K| d(R)| backtrack t(k) = g(k)
3 | If (g ) < £(p*)) + me() | then set p(k+1) = q(k+1) , else set
p(kHD) i (k)
4 Compute X (k+1) € E)f(q(kJrl ), update J(+1), and set

P DAl X | for all j € JE 2 > 0

5 end
Result: p(%). for some k, € N.




Convergence

» In the Euclidean case [Geiger and Kanzow , Theorem 6.80] holds.

Theorem

Let the solution set S = {x* € R" | f(x*) = infxer~ f(x)} Of the minimization
problem be nonempty. Then every sequence {xK)} generated by the bundle
method algorithm converges to a minimizer of f.




Convergence

» In the Euclidean case [Geiger and Kanzow , Theorem 6.80] holds.

Theorem

Let the solution set S = {x* € R" | f(x*) = infxer~ f(x)} Of the minimization
problem be nonempty. Then every sequence {xK)} generated by the bundle
method algorithm converges to a minimizer of f.

» In the Hadamard case, assuming

1. t) > mfor all k > k,, if a finite number of serious steps k, occur
2. no accumulation point of p(¥) is allowed to lie on & dom f

we have an analogous result. [Bergmann, Herzog, and H)




Convergence

In [Geiger and Kanzow , Theorem 6.80], they are able to show that
+o0 ) 2

> (g1 +&9)" < +oo
=k,

where k, € N is the index that corresponds to the last serious iterate, namely
p) = ptk) for all k > k..

This is possible because from the definition of e}k) one gets a bound

(%), g*1) < m(|lg* V|2 + kD) — &b,

which is still valid in the Hadamard case for cik) with the added assumptions.




B Implementation

The algorithm is implemented in Julia using Manopt . j1 ([Bergmann
NTNU and Manifolds.j1 ([Axen et al. 1). A solver call looks like

p* = convex_bundle_method(M, f, O0f, pO;
diameter = §, domain = domf, k_max = Q, m = 1073)

where

» Mis a Riemannian manifold
> £ is the objective function
> Of is a subgradient of the objective function

> p0is an initial point on the manifold

The default stopping criterion for the algorithm is set to

,5(’0 <108,



https://manoptjl.org/stable/solvers/convex_bundle_method/

Numerical Example: Signal Denoising on 7>
B » 2 hyperbolic space, n = 496

> M = (H?)"

artificial signal g € M

noisy signal g € M,
(7['] = equ[,-] X,', c=0.1

vy

signal g (gray)
noisy signal g (teal)




Numerical Example: Signal Denoising on 7>

B » 742 hyperbolic space, n = 496

> M= (H?)"

» artificial signal g € M

> noisy signal g € M,
gl = expgi Xi, 0 = 0.1

Solve the total variation problem
> fo(p) = 1 (g(p, )+aTV(p))

g(p.q) = 2Zdlst gl

> TV(p Zdlst(p[] plit1)

> o= 0.05, signal g (gray)
diam(dom f) := floatmax ()~ 103%8  noisy signal g (teal)




Numerical Example: Signal Denoising on 7>
B » 2 hyperbolic space, n = 496

> M = (H?)"

artificial signal g € M

noisy signal g € M,
C_]['] = equ[,-] X,', c=0.1

vy

Solve the total variation problem
> fo(p) = 1 (g(p, )+aTV(p))

g(p.q) = 2Zdlst gl

> TV(p Zdlst(p[] plit1)

> o= 0.05, signal g (gray)
diam(dom f) := floatmax ()~ 1038  reconstruction g* (cyan).




B Signal Denoising - Algorithms

NTNU » Riemannian Convex Bundle Method (RCBM) [Bergmann, Herzog, and

H) 1
» Proximal Bundle Algorithm (PBA) [Hoseini Monjezi, Nobakhtian, and
Pouryayevali ]
» Subgradient Method (SGM) [Ferreira and Oliveira ]
> Cyclic Proximal Point Algorithm (CPPA) [Bacak ]
Algorithm  Iter. Time(sec.)  Objective Error
RCBM 3417 51.393  1.7929 x 103 3.3194 x 10~*
PBA 15000 102.387 1.8153 x 1073 4.3874 x 10~*
SGM 15000 99.604 1.7920 x 10~3 3.3080 x 10~*

CPPA 15000 04200 1.7928 x 103 3.3230 x 10~*




B Numerical Example: Riemanniann Median on S

NTNU » S d—dimensional sphere

» pnorth pole

> ¢, ... ¢(" e 87 are n= 1000 Gaussian random data points in
Bz (p)
8

> D={qW,....q" gV eSforallj=1,....n}
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» S9 d—dimensional sphere
» pnorth pole

> ¢, ... ¢(" e 87 are n= 1000 Gaussian random data points in
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> f(p) = s
400 otherwise.



B Numerical Example: Riemanniann Median on S

NTNU » S d—dimensional sphere

» pnorth pole

> ¢, ... ¢(" e 87 are n= 1000 Gaussian random data points in
B=(p)
8

> D={qW,....q" gV eSforallj=1,....n}

Ly dist(p,qV) if p € Bz (p),
> f(p) = s
400 otherwise.

Solve

p* = argmin f(p)
peSd



Riemanniann Median on S9 - Algorithms

RCBM PBA
Dimension Iter. Time(sec.) Objective Iter. Time (sec.) Obijective
2 19  6.50x 1073 0.19289 20 5.30x1073 0.19289
4 28 1.01x1072 0.19881 23 599x10°% 0.19881
32 58 229 x 1072 0.19576 28  1.13x 1072 0.19576
1024 48 391x10°! 0.19775 40 331x10°' 0.19775
32768 43 754 0.19290 21  4.16 0.19290
SGM

Dimension Iter. Time (sec.) Objective

2 5000 1.14 0.19289

4 3270 8.09x10"! 0.19881

32 5000 2.18 0.19576

1024 122 9.75x 107!  0.19775

32768 172 5.25 x 10! 0.19290




B Conclusion and Future Work

NTNU
In summary:

» introduced the Riemannian Convex Bundle Method for
geodesically convex functions on Riemannian manifolds

» discussed convergence and related challenges
» showed two numerical examples

To do:

» further investigate the implications of positive curvature
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