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Motivation

Optimization problems of the form

argmin f (p) = g(p) + h(p)
pEM

arise, e. g. when solving

e convex constrained smooth optimization

* regularized minimization

in Euclidean space. We generalize this splitting with

e / a Riemannian manifold with curvature in [k, k]
* g an L,-smooth and g-convex function

* h a g-convex function

Algorithm: CRPG (available in Manopt. j11)

Require: g, grad g, h, prox,, Ay, po € A .
1: while not converged do

2: Piky1 = prOXAkh(eprk(_A’k grad g (Pk)))
3: Setk — k+1

4. end while
with

1
2A

prox,;(p) = arg min {h(q) d*(p, q)}

qeEM

and d the Riemannian distance

Convergence Rates

On Hadamard manifolds (x, < 0) with f

° 1 2
e g-convex: sublinear rate 0 ( k)

 strongly g-convex: linear rate 0 (Qk)

where «w and Q include dependence on curvature,

smoothness, and geodesic convexity

manoptjl.org/stable/solvers/proximal_gradient_method/
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time (S)

Prox-Grad Inequality (PGI)

* 2(q) = exp,(—A grad g(q))

* T,(q) = prox,;(2z(q))

* 1,(p,q) = g(p) — g(q) — (grad g(q), log, p)

42Lf (p)—f (To(@)] = 4AL,(p,q) + Ad*(p, Ta(q))
—Bd*(p,q) +Cd*(q,2(q))
+Dd%(q, T(q) + Ed3(z(q), T ()

where
A=1+ CZ,Ku(DB)
B = C1,:<1(D2) + 1
C= CZ,KU(Dl) — Z;1,;<1(Dz)

D= Cz,xu(Dl) —1
E= Cz,xu(DB) —1

with D; = D(q,2(q),Ty(q)), D, = D(q,2(q),p), and
D; = D(T,(q),2(q),p), where D(p,q,r) is the diam-

eter of the uniquely geodesic triangle with vertices

p,q,r € 4, and
(

C ( ) { 1 lf K1 2 O,
K S) = .
b1 |/ —Kyscoth(y/—Kys) if k; <0,
' (s)= {‘1 if K, <0,

2K | JKgscot(y/Kgs)  if ky> 0.

e if g =0, PGI = proximal point convergence rate

eif h =0, PGI = gradient descent convergence rate
(1) otherwise, PGI = CRPG convergence rate

Example

Constrained Mean on 52" On the hyperbolic space

M = 7" with the Minkowski metric, let {q;, ..

°)qN} C

M be N = 400 randomly generated data points,
AB(qy,r) a geodesic ball of radius r around a point

do € A and

N
1
() =55, (.4, h(P) = Zaa(g,r(P),
j=1

where y g ~(p) is the characteristic function of
AB(qy, ). Then prox,, is the projection onto %B(q,, ).
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CRPG and the Projected Gradient Algorithm (PGA), varying dimen-

sionn € {2,3,...,200}.
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